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Abstract
We propose a quantum bosonic qubit model on a fcc lattice to obtain mimetic
dark matter. The general relativity contribution is implemented similarly to
other works but it differs strongly on the implementation of the constraint equa-
tions and their meaning. Different theories as mimetic dark matter, the vector
mimetic dark matter, and tensor-vector-scalar models are implemented on the
lattice. In all these cases, a generalized Gauss’ law incorporates an additional
topological defect depending on the type of generalization, but always fitting in
the structure of the topological defects from general relativity contribution.
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1 Introduction
Diversity of the laws describing physical phenomena is one of the more intriguing
mysteries in physics. Through the years the emergence principle has been extremely
useful in condensed matter physics (CMP) (see for instance, [1, 2, 3, 4]). This principle
has permeated in other areas of physics. For instance, in theoretical high energy
physics, and recently, in string theory.
At the present time, it is believed that spacetime described by the general theory
of relativity (GR) is a long-distance (or low energies) approximation of an underlying
theory at the Planck scale with fundamental degrees of freedom of different nature
than the usual metric. Thus, GR is regarded as an effective theory valid at distances
much more greater than the Planck length LP (for a review, see for instance, [5]).
In the case of string theory, the emergence principle is naturally incorporated in the
AdS/CFT correspondence [6]. It is well known that spacetime is a derived object from
local degrees of freedom described by a supersymmetric gauge theory in the boundary
of that spacetime.
Recently, in CMP developments regarding topological phases of matter have moti-
vated new systematic implementations of theories where the gravitational interactions
and the spacetime itself is emergent. Some of these examples were given in Refs. [7, 8].
In these references a graviton model is obtained in GR and in the context of Horava-
Lifshitz theory of gravity [9]. A more recent attempt to obtain the fundamental string
from a lattice model was given in [10].
On the other hand, a new theory incorporating dark matter in general relativity was
proposed in [11]. This theory was called Mimetic Dark Matter (see [12] for a review).
In this theory, the usual dynamical degrees of freedom of GR, gµν , split out into an
auxiliary metric and a scalar field. In this reference, it was argued that the scalar field
component behaves as dark matter. In subsequent works the dark energy behavior was
also incorporated. Since the development of Mimetic Dark Matter in [11], and the
extension to Vector Field Mimetic Dark Matter, TeVeS, and Inhomogeneous Mimetic
Dark Energy, and Mimetic Gravity [13, 14, 15, 16], there have been applications found
in cosmology [17, 18, 19, 20, 21, 22, 23, 24], in Einstein’s gravity and geometry [25, 26,
27], and in problems of singularities and black holes [28, 29].
In the present work we propose a lattice model of the mimetic gravity. In this
theory, dark matter and dark energy are also described how they do emerge from a
qubit model.
The article is organized as follows. In Sec. 2 we give the basic facts about mimetic
gravity, which will be important in subsequent sections. In Sec. 3 we give the im-
plementation in the lattice of different models of dark matter and dark energy. The
mimetic dark matter models with scalars and vector fields is also implemented. The
inhomogeneous dark energy model and the mimetic tensor-vector-scalar gravity is also
described. Finally, in Sec. 4 a summary of our results and some final remarks are
given.
2
2 Preliminaries on Mimetic Dark Matter
In this section we briefly overview some basics facts on mimetic dark matter [11, 13,
15, 25, 30], which will be necessary in the following sections. We are interested in
giving some notation and conventions for future reference. Thus in this section we give
a brief overview in order to present the all the material of mimetic dark matter in a
concise way. However a few of the equations presented here, the Hamiltonians, will
be repeated for convenience in subsequent sections. We follow mainly the references
[13, 15, 30, 31, 32].
We start by writing down the physical metric gphysµν in terms of the fundamental
metric gµν and the gradient of a scalar field φ. This is given by
gphysµν =
(
− gαβ∂αφ∂βφ
)
gµν . (1)
The physical metric is Weyl invariant. Thus, mimetic dark matter is a conformal
extension of Einstein theory of gravitation. We will take
gphysµν = Φ
2gµν , (2)
where we will be working with the gauge fixing: Φ− 1 = 0.
Before writing the Hamiltonian, we will need to use the ADM decomposition of gµν
(see [13, 15, 30, 31, 32]):
g00 = −N2 +NihijNj, g0i = Ni, gij = hij,
g00 = − 1
N2
, g0i =
N i
N2
, gij = hij − N
iN j
N2
, (3)
where hij is the inverse to the induced metric hij on the constant time surfaces, N and
N i are the lapse and shift functions from the ADM decomposition, and N i = hijNj.
We will be working with a Hamiltonian of the form (see [13, 15, 30, 33])
H =
∫
d3x(NHT +N iHi), (4)
with
HT = HGRT +H◦T ≈ 0. (5)
where
HGRT =
2√
h
piijGijklpikl − 1
2
√
hR, (6)
where piij is the conjugate momentum to hij given by pi
ij = 1
2
√
hGijklKkl, Gijkl =
1
2
(hikhjl + hilhjk) − 12hijhkl is the DeWitt metric, Gijkl = 12(hikhjl + hilhjk) − hijhkl is
its inverse metric and h is the determinant of hij. Kij is the extrinsic curvature and it
is given by Kij =
1
2N
(
∂hij
∂t
−DiNj −DjNi), where Di is the covariant derivative with
respect to hij. It is the standard term from general relativity, which will be obtained in
3
Section 3, and H◦T is the term related to the fields that will be added on the following
sections. For instance, for only mimetic dark matter we have
H◦T = HφT =
1
2λ
√
h
p2φ +
1
2
√
hλ(1 + hij∂iφ∂jφ), (7)
where pφ is the conjugate momentum with respect to φ given by pφ =
√
hλ∇nφ,
∇nφ = 1N (∂tφ − N i∂iφ) and λ is a Lagrange multiplier implementing the condition
1 + hij∂iφ∂jφ = 0. Its canonical momentum pλ is given by pλ ≈ 0. The vector
constraint is given by
Hi = pφ∂iφ− 2hijDkpijk. (8)
For the vector field model of mimetic dark matter H◦T is given by
H◦T = HuT =
1
2µ2
√
h
pihijp
j − 1
2
√
hλ
(
1 + uih
ijuj − u2n
)
+
µ2
4
√
hhikhjl(Diuj −Djui)(Dkul −Dluk)− unDipi, (9)
where µ2 is a parameter with the dimensions of mass squared and un is the normal
component of the vector field ui with respect the constant time hypersurfaces in the
ADM decomposition.
The vector constraint is
Hi = ∂iujpj − ∂j(uipj)− 2hikDjpikj, (10)
where pi is the conjugate momentum to the vector variable ui.
Finally, for the mimetic tensor-vector-scalar gravity the Hamiltonian is given by
H◦T = Hu,φT =
p2φ
2
√
h
+
1
2
√
hhij∂iφ∂jφ+ V (φ) +
1
2µ2
√
h
pihijp
j
− 1
2
√
hλ(1 + f(φ)uih
ijuj − f(φ)u2n) +
µ2
4
√
hhikhjl(Diuj −Djui)(Dkul −Dluk), (11)
while the vector constraint is given by
Hi = pφ∂iφ+ ∂iujpj − ∂j(uipj)− 2hiDkpijk. (12)
It is important to remark that in our procedure all constraints will be implemented on
the reduced phase space i.e. HT ≈ 0, and Hi ≈ 0. The term Hi is related to constraints
depending on the added fields. There are other terms in the Hamiltonian in equation
(4) (see [11, 13, 30, 34]), but are not relevant for our purposes.
3 Emergence of Mimetic Dark Matter and Dark
Energy from Bosonic qubit Models
In the following subsections, we will introduce different models of mimetic dark matter,
and inhomogeneous dark energy in order to give a physical meaning to the topological
defects found on equation (21) as a violation of equation (18), see [11, 13, 14, 15, 25,
33, 34, 35].
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Figure 1: A representation of the boson numbers n̂iαβ defined on the site i, for α = β (in red); and faces i+ x̂2 +
ŷ
2
,
i+ ŷ
2
+ ẑ
2
, and i+ ẑ
2
+ x̂
2
, for α 6= β (in blue).
3.1 General Relativity contribution
Now, we will use the model given in Refs. [9, 8] (with the notation of reference [10])
to implement the General Relativity part of equation (5). For this model we will
go straightforward to a bipartite lattice, for which we will use a fcc system with the
gravitational variables defined on the sites and the center of the plaquettes (faces). In
this way, we introduce the boson numbers n̂i,αβ defined on each plaquette i +
α
2
+ β
2
when α 6= β, and on each site i = (ix, iy, iz) when α = β, as shown on the Figure 1
(i denotes the site of the lattice, while α, β denote the directions x, y, z). We define
similarly the phase angle variables θ̂i,αβ conjugate to the boson numbers, and related
to the boson creation operators by b̂i,αβ ∝ e−iθ̂i,αβ , and by the commutation relations
[n̂i,αβ, θ̂i,γδ] = iδαγδβδ. (13)
The Hamiltonian of the system is written as follows:
HGR = H1 +H2 +H3, (14)
with
H1 = −t
∑
〈i,αβ;j,γδ〉
b̂†i,αβ b̂j,γδ + h.c., (15)
H2 = U
∑
i,αβ
(ni,αβ − n¯)2, (16)
H3|(i,x) = V (ni,zx + ni−z,zx + ni,xy + ni−y,xy + 2ni,xx + 2ni+x,xx − 8)2. (17)
The first term, H1, is the nearest-neighbor hopping term between the boson num-
bers, for which the sum has the brackets ”〈” and ”〉” indicating that only nearest
5
Figure 2: The interaction of a) a site boson (in red) with its nearest neighbor plaquette bosons (in blue), and b)
a plaquette boson (in red) with its nearest neighbor plaquettes (in blue) from equation (15).
site-plaquette, and nearest plaquette-plaquette are allowed, which have the same dis-
tance. This interactions are shown in Figure 2. The second term, H2, is the on-site
interaction in which n¯ means the average boson number, which we will fix to 1 for
simplicity, and the sum is over all the sites and boson numbers. The quantities ni,αβ
are the eigenvalues of the operators n̂i,αβ.
The last term, H3, is an interaction term that only involves links. We have explicitly
shown only the term for the link (i, x), which is the link between sites i and i+ x, and
is shown also in Figure 3. The other links can be written similarly.
Following [8] and define a symmetric second-rank tensor pii,αβ = ηi(ni,αβ− n¯), where
ηi = ±1, depending on the sublattice being used, and n¯ = 1. We will take as convention
ηi = 1 if ix + iy + iz is even, and ηi = −1 if ix + iy + iz is odd. When the term of
equation (17) is the dominant term, it can be interpreted as a Gauss-like constraint
∇αpii,αβ = 0, (18)
where a sum over repeated indices is understood, and ∇x is the lattice derivative in the
x direction ∇xpii,xβ = pii+x,xβ − pii,xβ. This constraint requires to keep the low energy
Hamiltonian invariant under the gauge transformation hi,αβ → hi,αβ +∇αfi,β +∇βfi,α,
where fi,α is a vector defined on the link (i, α), and hi,αβ the conjugate of pii,αβ.
The effective low energy Hamiltonian is given by (see [8])
Heff = −t′1
∑
i,α 6=β
cos(Ri,αβαβ)− t′2
∑
i,α 6=β 6=γ 6=α
cos(Ri,αβαγ)
6
Figure 3: The link interaction of equation (17) showing the link (i, x) (in green), the plaquette bosons (in blue),
and the site bosons (in red).
+
1
K1
∑
α
pi2i,αα +
1
K2
∑
α 6=β
pi2i,αβ, (19)
where the cosine terms are generated from the hopping terms at eight order perturba-
tion t′1, t
′
2 ∼ t8/V 7; and the curvature tensor is given by
2Rxyxy = εzabεzcd∇a∇chbd, 2Rxzxz = εyabεycd∇a∇chbd,
2Ryzyz = εxabεzcd∇a∇chbd, 2Rxyxz = εyabεzcd∇a∇chbd,
2Ryxyz = εxabεzcd∇a∇chbd, 2Rzxzy = εxabεycd∇a∇chbd, (20)
for every site.
We will not work with a dual lattice for the matters of our problem, but we will
focus on the constraint of equations (17), (18). If there is a violation of this constraint,
as has been noted in references [9, 8, 10, 7], there is a gauge charge field with phase
angle θα defined on the links, coupled to the field as:
Hc = −t
∑
α,β
cos(∇αθβ +∇βθα − hαβ). (21)
Such phase angles are topological defects, and will be studied in the next sections, since
they can be understood as mimetic dark matter, or inhomogeneous dark energy in the
gravitational theory.
3.2 Mimetic Dark Matter Model
For the mimetic dark matter model, we will follow the line given in [13], write the
physical metric gphysµν in terms of the fundamental metric gµν , and a scalar field φ that
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we will add. Substituting this in the equation (2), and with the gauge fixing Φ− 1 = 0
we obtain that
− gµν∂µφ∂νφ = 1, (22)
which will be worked as a constraint on the system. Given the ADM decomposition of
equation (3), we see that −hij∂iφ∂jφ = 1, or
hij = −∂iφ∂jφ. (23)
For the term H◦T in Eq. (5), and the term Hi in equation (4) we will use
HφT =
1
2
√
hλ
p2φ +
1
2
√
hλ(1 + hij∂iφ∂jφ), (24)
and
Hi = pφ∂iφ− 2hijDkpijk ≈ 0. (25)
Now, for the term 1
2
√
hλ
p2φ in equation (24), it is important to notice that the discrete
form is 1
2
√
hλ
p2φi , where we are simply adding an index to define the site location of the
momentum conjugate to the field φi. Also, the second term
1
2
√
hλ(1 + hij∂iφ∂jφ) is
given by 1
2
√
hλ(1 + hi,αβ∇αφi∇βφi) in the lattice form.
Equation (25) can be solved to obtain a relation for the divergence of pijk:
Dkpi
jk =
1
2
pφh
ij∂iφ, (26)
where we are using the equality symbol for simplicity, given that the constraints HT ≈
0, and Hi ≈ 0 are preserved under time evolution, and we will be working on the
reduced phase space.
If we move this system to the lattice, we can see that equation (26) can be written
as:
∇αpii,βα = 1
2
pφihi,γβ∇γφi, (27)
where the variables φi, and pφi are defined on the site i. This is precisely a violation of
the constraint in equation (18), and it appears as predicted by references [9, 8, 10, 7].
We can observe that equation (27) is an equation of vectors in the direction β. For
the right-hand-side, the terms ∇γφi can be seen as the links (i, γ), but we will use
backward differentiation instead of the forward differentiation for matters of represen-
tation, so the links are (i− γ, γ). These terms are gathered in Figure 4 for β = x. In
equation (27), ∇γφi is multiplied by 12pφihi,γβ, which can be regarded as moving all the
link 1
2
units in the γ direction and 1
2
units in the β direction. This displacement can
be observed in Figure 5 for β = x.
For the left-hand-side of equation (27), we can see that the result has to be the same
as the right-hand-side (see Figure 6 for the case β = x), so fitting it we observe that
the terms ∇ypii,xy, and ∇zpii,xz keep using the backward differentiation, but the term
∇xpii,xx is using the forward differentiation. This could be interpreted as a remnant of
the covariant derivative, when translated into the lattice. The congruence of the term
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Figure 4: Representation of ∇γφi in the links (i− γ, γ), with γ = x in blue, γ = y in red, and γ = z in green.
Figure 5: Displacement of the term ∇γφi by the term 12pφihi,γβ in the product of equation (27).
9
Figure 6: Representation of ∇αpii,βα with backward differentiation in y, and z, but forward differentiation in x,
interpreted as a remnant of the covariant derivative.
in equation (17), and the β = x term of equation (27) is visible in Figures 3 and 6. For
β = y, z we have a similar situation.
The constraint equation (27) represents only the part of the Hamiltonian in equation
(25). For the part of equation (26), the most important term we can see is the one
depending linearly on λ, which, in order to ensure the constraint of equation (23), we
take λ → ∞. This gives rise to some freedom on p2φi in equation (24), and forces the
system to change φi with the term (1 + hi,αβ∇αφi∇βφi), but we will see how this is
part of a larger system on Section 3.3. It is important to notice that equation (24) is
not a constraint as equation (25), but as can be seen explicitly in [13], the preservation
of the momentum conjugate to λ as a variable gives rise to the equation
HφT
λ
≈ 0 as a
second class constraint.
3.3 Inhomogeneous Dark Energy Model
Now, we perform a different modification to equation (2), by adding only one extra
scalar field ψ to the mimetic dark matter model of Section 3.2 in [14, 15]. In this way,
we end up with the following relations:
− gµν∂µφ∂νφ = 1, gµν∂µψ∂νφ = 0. (28)
Here, it is important to point out that in the case of disformal transformations [36],
the second constraint equation in (28) does not has to hold. But as defined in [37] and
observed in [11], the transformations we are working with are conformal and they have
to be that way to fit with our purposes, since the added scalar field φ is related to the
conformal factor Φ without adding a new dynamical variable.
These last two relations modify the term H◦T of equation (5) to get:
Hφ,ψT =
2√
hω
pφpψ − 2λ√
hω2
p2ψ +
1
2
λ
√
h(1 + hij∂iφ∂jφ)
+
1
2
√
hωhij∂iψ∂jφ+
1
2
√
hV (ψ), (29)
10
and
Hi = pφ∂iφ+ pψ∂iψ − 2hikDjpikj ≈ 0, (30)
where V (ψ) is a potential term that can be added to the Hamiltonian, λ is a Lagrange
multiplier for the first equation (28), and ω is a Lagrange multiplier for the second
equation (28).
The lattice form of equation (29) makes pφ → pφi , and pψ → pψi , keeps the restric-
tion for φi in the term
1
2
√
hλ(1 + hi,αβ∇αφi∇βφi), and gives rise to a new restriction
on ψi, related to the one of φi, in the term
1
2
√
hωhi,αβ∇αψi∇βφi. This last term im-
plies that φi and ψi cannot change in the same direction. The potential V (ψ) will be
considered below.
Following the process of Section 3.2, we can see that we have
Dkpi
jk =
1
2
pφh
ij∂iφ+
1
2
pψh
ij∂iψ, (31)
and moving this term to the lattice, we obtain
∇αpii,βα = 1
2
pφihi,γβ∇γφi +
1
2
pψihi,γβ∇γψi. (32)
It is straightforward to see the similarity between equations (27) and (32), but the
preservation of the momenta conjugate to λ and ω in equation (29) are very different.
As seen in reference [15], the preservation of the momentum conjugate to λ gives rise
to
N
(
2√
hω2
p2ψ −
1
2
√
h(1 + hij∂iφ∂jφ)
)
≈ 0, (33)
and the preservation of the momentum conjugate to ω yields
N
(
2√
hω2
pψpφ − 4λ√
hω3
p2ψ −
1
2
√
hhij∂iψ∂jφ
)
≈ 0. (34)
From the constraints in (28) we see that hij∂iψ∂jφ = 0, so for the equation (34) we
can obtain the relation
pφ
pψ
=
2λ
ω
. (35)
This leaves the system with some freedom on the variables pψi , and pφi , since λ, ω →∞
in order to keep the constraints of equation (28), showing us in general three cases:
λ << ω, λ ∼ ω, λ >> ω.
If we have the condition λ << ω, then we also have pφi << pψi , making the field ψi
more dynamical than the field φi. Note that the first restriction in (28) forces the field
φi to change according to the metric hi,αβ from one site to another in the vicinity, this
keeps the quantity φi away from zero, but from the second restriction either ψi, or φi
can vary, but not both for that site. Since we have more energetic ψi, then, φi changes
little compared to it, giving rise to more amount of ψi than φi. This means that in
this phase we have both φi and ψi in the system, which is both dark matter and dark
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energy, with more dark energy, and more dynamical. The divergence law in equation
(32) for the metric conjugate momentum can be understood as relying mostly on the
dark energy.
As one turns λ ∼ ω, this makes pφi ∼ pψi , equilibrating them in equation (32), and
also balances them. Finally, when λ >> ω, we also have pφi >> pψi , giving rise to a
more dynamical dark matter than dark energy. This phase can be regarded as a pure
dark matter phase, like the one from the last section, in the case in which V (ψi) = 0.
If V (ψi) 6= 0, then the last two terms of equation (29) can be combined, and we can see
the dependence of this potential directly on 1
2
√
hωhi,αβ∇αψi∇βφi. Notice that this is
the only way in which the potential V can be added in our Hamiltonian, or combined
with all the terms depending on ψi, or pψi .
Following these results, it can be observed that λ and ω can be regarded as param-
eters of evolution, or a kind of phase transition. There are works using similar methods
with the density for the phase transitions [38], and even describing both dark matter
and dark energy using the same scalar field [39, 40]. As analyzed there, in case the
density of dark energy changes with time, we could use ω as a parameter related to
the time. This could give a connection between our quasi-static model to a dynamical
one.
3.4 Vector Field Mimetic Dark Matter Model
Once again, following the line of [13] and modifying equation (2) by putting the physical
metric gphysµν in terms of a vector field uα, and the fundamental metric gµν , with the
same gauge fixing, Φ− 1 = 0, we obtain:
− gαβuαuβ = 1. (36)
There are some modifications for the term H◦T of the Hamiltonian density in equa-
tion (5), for which we have
HuT = −
1
2
√
hλ(1 + hijuiuj − u2n) +
1
2µ2
√
h
hijp
ipj
+
µ2
4
√
hhikhjl(Diuj −Djui)(Dkul −Dluk)− unDipi, (37)
and
Hi = ∂iujpj − ∂j(uipj)− 2hikDjpikj ≈ 0, (38)
where pi is the momentum conjugate to the vector field ui, and un is the component
of the vector field normal to the constant-time surfaces. Since we are working along a
constant-time surface, we will drop un from all the terms in equation (37), but it can
be regarded as a scalar term defined on the sites of the lattice.
In order to write equation (37) in a lattice form we observe that the first term
−1
2
√
hλ(1 + hi,αβui,αui,β) is a constraint on the amount of dimers defined surrounding
the site i. In case uni is taken into account, then the average quantity ui,α is modified,
and forces a divergence of pi,α in the last term uni∇αpi,α. This can be interpreted in
the following way: if uni 6= 0, then, at that site, there is no divergence for pi,α, which
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implies no modification of pii,αβ, but modifies the average quantity ui,α as explained
above, this also implies evolution in time for that site given by un; on the other hand, if
uni = 0, then there could be a violation for the divergence of pi,α, implying a violation
of pii,αβ, and there is no evolution in time given by the vector field un.
The kinetic term 1
2µ2
√
h
hi,αβpi,αpi,β gives some freedom for pi,α, since the third term
makes µ → ∞ in order to impose the constraint hi,αγhi,βδ(∇αui,β − ∇βui,α)(∇γui,δ −
∇δui,γ) = 0. This last constraint can be interpreted as giving rise to the restriction
∇γui,δ = ∇δui,γ. On the other hand, if µ < ∞, then pi,α has to be null in order to
vanish the kinetic term; the term hi,αγhi,βδ(∇αui,β − ∇βui,α)(∇γui,δ − ∇δui,γ) can be
combined with the term uni∇αpi,α, and, in the case in which a divergence is allowed,
this divergence can be interpreted as a torsion of ui,α.
For the constraint in equation (38), the term ∂iujp
j − ∂j(uipj) can be seen to be
equivalent to the term −ui∂jpj, or in lattice form −ui,γ∇δpi,δ, by using the arguments
from the last paragraph. Notice that this is what is obtained regardless of the case in
which we are, whether uni = 0, or not. With this, we can follow the steps of Section
3.2, and obtain a modification of equation (38) to be:
Djpi
kj = −1
2
hikui∂jp
j, (39)
which in lattice form can be written as:
∇αpii,βα = −1
2
hi,γβui,γ∇δpi,δ. (40)
It can be observed from this equation that the divergence of pii,βα is directly related
to divergence of pi,δ, which is given by a scalar quantity defined at the site i. This is
achieved by using the minus sign with the forward differentiation. Then, this scalar
quantity is extended along the direction β by the projection of hi,γβui,γ. The final result
is a vector (dimer) in the link (i, β), like in the last two sections.
3.5 Mimetic Tensor-Vector-Scalar Models
As presented in [13, 35], we can modify equation (2) by keeping the same gauge fixing
(Φ − 1 = 0) and writing the physical metric gphysµν in terms of a scalar field φ, and a
vector field uµ:
− f(φ)(gαβuαuβ) = 1, (41)
with f(φ) a nonnegative function of φ.
The corresponding modifications to the term H◦T of equation (5) are given by:
Hu,φT = −
1
2
√
hλ(1 + f(φ)hijuiuj − f(φ)u2n) +
1
2µ2
√
h
hijp
ipj
+
µ2
4
√
hhikhjl(Diuj −Djui)(Dkul −Dluk)− unDipi
+
p2φ
2
√
h
+
1
2
√
hhij∂iφ∂jφ+ V (φ), (42)
13
and
Hi = pφ∂iφ+ ∂iujpj − ∂j(uipj)− 2hikDjpikj ≈ 0, (43)
where V (φ) is a potential term that can be added to the Hamiltonian.
The lattice form of equation (42), is the same as in the last section, but the function
f(φi) makes a variation on how ui,α changes depending on the site, the scalar φi, and
the function f(φi) defined on it. As observed before, the divergence of pi,α gives rise
to a divergence on pii,αβ, and this will now have a balance with the gradient of φi (see
equation (44) below). The last three terms of equation (42) can be combined and add
up to be 0.
Following the steps of Sections 3.2 and 3.4 we can obtain a discrete model for the
constraint in equation (43) as
∇αpii,βα = 1
2
pφihi,γβ∇γφi −
1
2
hi,γβui,γ∇δpi,δ, (44)
which gives rise to a dimer in case any of the elements in the right side is different from
zero.
4 Final Remarks
In the present article, we have proposed a model to obtain mimetic dark matter from
a lattice model. We have used the fcc model proposed in Refs. [8, 9], which were used
to study the emergence of the graviton model and Horava-Lifshitz theory, respectively,
from a lattice model. The general relativity contribution is implemented in a very
similar way to the mentioned references, but it differs strongly on the implementation
of the constraint equations. We considered a bosonic liquid of qubits in a bipartite
fcc lattice. The gravitational variables are defined on the sites and the center of the
plaquettes (faces). These quantum variables are the the boson number n̂i,αβ on each
plaquette and their conjugate momentum θ̂i,αβ, the phase angle variables. For instance
the Hamiltonian of this system is given by equations (14), (15), (16), (17). These are
described pictorially in Figures 1, 2 and 3.
We have implemented different mimetic theories on the lattice, starting with the
mimetic dark matter [11]. The scalar degrees of freedom are incorporated through a
modified Gauss’ law (26). This can be implemented on the lattice through a violation
to the Gauss’ law (27), which can be regarded as a topological defect of a scalar field
defined on the links (i, γ) on the lattice. The topological defect induced by scalar
field has a similar structure as the one of Figure 3. However, the modification gives
rise a nontrivial effect such that it produces the effect of some displacements in the
term ∇γφi by a term 12pφihi,γβ in all orthogonal directions x, y, z. A description of
this process is given in Figures 4, 5 and 6. Furthermore, a model incorporating scalar
dark matter and scalar dark energy is also implemented in the lattice form in Section
3. The modified Gauss’ law induces a discussion on the possible phases generated by
comparisons between the parameters λ and ω.
Moreover, we have studied the cases of vector field mimetic dark matter and tensor-
vector-scalar models. In all these cases, we have again a generalized Gauss’ law which
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incorporates an additional topological defect depending on the vector field configuration
(40) for the vector model and (44) for the TeVeS model. The result on each model is
described by a topological defect generated on the Hamiltonian by the presence of a field
contribution. This is given in the same way as in the continuous mimetic dark matter
model, in which the dark matter behavior arises naturally from the transformations. In
all the cases, the defects fit with the defects found on the general relativity contribution,
and have the same structure as in Figure 3.
Finally, it is worth mentioning that the discrete models presented here would be of
certain importance for future work dealing with quantum gravity, since some relevant
properties as entanglement entropy, arise naturally in lattice models. It would be
interesting to extend our lattice implementations to some mimetic higher-derivative
theories of gravity as those of Horava-Lifshitz [16, 41] and Horndeski’s theory [16].
Moreover, a deeper analysis of the constraints [42, 43], and the emergence of dark
matter from fractonic matter [44], is being currently followed by the authors.
Acknowledgments
L. L. would like to thank CONACyT for a grant with CVU number 594425. It is a
pleasure to thank Norma Quiroz for useful conversations.
References
[1] P. W. Anderson, “More Is Different,” Science 177, no. 4047, 393 (1972).
doi:10.1126/science.177.4047.393
[2] X. G. Wen, Quantum Field Theory of Many-Body Systems, Oxford University
Press, Oxford (2004).
[3] M. A. Levin and X. G. Wen, “Colloquium: Photons and electrons as emergent
phenomena,” Rev. Mod. Phys. 77, 871 (2005) doi:10.1103/RevModPhys.77.871
[cond-mat/0407140].
[4] X. G. Wen, “Four revolutions in physics and the second quantum revolution:
A unification of force and matter by quantum information,” Int. J. Mod. Phys.
B 32, no. 26, 1830010 (2018) doi:10.1142/S0217979218300104 [arXiv:1709.03824
[physics.gen-ph]].
[5] S. Carlip, “Challenges for Emergent Gravity,” Stud. Hist. Phil. Sci. B 46, 200
(2014) doi:10.1016/j.shpsb.2012.11.002 [arXiv:1207.2504 [gr-qc]].
[6] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large
N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000)
doi:10.1016/S0370-1573(99)00083-6 [hep-th/9905111].
[7] Z. C. Gu and X. G. Wen, “Emergence of helicity +- 2 modes (gravitons) from qbit
models,” Nucl. Phys. B 863, 90 (2012) doi:10.1016/j.nuclphysb.2012.05.010
15
[8] C. Xu, “Gapless bosonic excitation without symmetry breaking: An alge-
braic spin liquid with soft gravitons,” Phys. Rev. B 74, 224433 (2006).
doi:10.1103/PhysRevB.74.224433
[9] C. Xu and P. Horava, “Emergent Gravity at a Lifshitz Point from a Bose Liquid on
the Lattice,” Phys. Rev. D 81, 104033 (2010) doi:10.1103/PhysRevD.81.104033
[10] L. Lozano and H. Garcia-Compean, “Emergent Kalb-Ramond fields
from a dimer model,” Phys. Rev. D 100, no. 6, 066015 (2019)
doi:10.1103/PhysRevD.100.066015
[11] A. H. Chamseddine and V. Mukhanov, “Mimetic Dark Matter,” JHEP 1311, 135
(2013) doi:10.1007/JHEP11(2013)135
[12] L. Sebastiani, S. Vagnozzi and R. Myrzakulov, “Mimetic gravity: a review of
recent developments and applications to cosmology and astrophysics,” Adv. High
Energy Phys. 2017, 3156915 (2017) doi:10.1155/2017/3156915
[13] M. Chaichian, J. Kluson, M. Oksanen and A. Tureanu, “Mimetic dark matter,
ghost instability and a mimetic tensor-vector-scalar gravity,” JHEP 1412, 102
(2014) doi:10.1007/JHEP12(2014)102
[14] A. H. Chamseddine and V. Mukhanov, “Inhomogeneous Dark Energy,” JCAP
1602, 040 (2016) doi:10.1088/1475-7516/2016/02/040
[15] J. Kluson, “Canonical Analysis of Inhomogeneous Dark Energy Model and Theory
of Limiting Curvature,” JHEP 1703, 031 (2017) doi:10.1007/JHEP03(2017)031
[16] G. Cognola, R. Myrzakulov, L. Sebastiani, S. Vagnozzi and S. Zerbini, “Covari-
ant Horava-like and mimetic Horndeski gravity: cosmological solutions and per-
turbations,” Class. Quant. Grav. 33, no. 22, 225014 (2016) doi:10.1088/0264-
9381/33/22/225014
[17] A. H. Chamseddine, V. Mukhanov and A. Vikman, “Cosmology with Mimetic
Matter,” JCAP 1406, 017 (2014) doi:10.1088/1475-7516/2014/06/017
[18] A. H. Chamseddine and V. Mukhanov, “Resolving Cosmological Singularities,”
JCAP 1703, 009 (2017) doi:10.1088/1475-7516/2017/03/009
[19] M. A. Gorji, S. Mukohyama, H. Firouzjahi and S. A. Hosseini Mansoori,
“Gauge Field Mimetic Cosmology,” JCAP 1808, 047 (2018) doi:10.1088/1475-
7516/2018/08/047
[20] E. Bezerra and O. D. Miranda, “Mimetic gravity: mimicking the dynamics of the
primeval universe in the context of loop quantum cosmology,” Eur. Phys. J. C 79,
no. 4, 310 (2019) doi:10.1140/epjc/s10052-019-6823-3
[21] R. Myrzakulov, L. Sebastiani and S. Vagnozzi, “Inflation in f(R, φ) -
theories and mimetic gravity scenario,” Eur. Phys. J. C 75, 444 (2015)
doi:10.1140/epjc/s10052-015-3672-6
16
[22] J. Dutta, W. Khyllep, E. N. Saridakis, N. Tamanini and S. Vagnozzi, “Cosmo-
logical dynamics of mimetic gravity,” JCAP 1802, 041 (2018) doi:10.1088/1475-
7516/2018/02/041
[23] A. Casalino, M. Rinaldi, L. Sebastiani and S. Vagnozzi, “Mimicking dark matter
and dark energy in a mimetic model compatible with GW170817,” Phys. Dark
Univ. 22, 108 (2018) doi:10.1016/j.dark.2018.10.001
[24] A. Casalino, M. Rinaldi, L. Sebastiani and S. Vagnozzi, “Alive and well: mimetic
gravity and a higher-order extension in light of GW170817,” Class. Quant. Grav.
36, no. 1, 017001 (2019) doi:10.1088/1361-6382/aaf1fd
[25] A. O. Barvinsky, “Dark matter as a ghost free conformal extension of Einstein
theory,” JCAP 1401, 014 (2014) doi:10.1088/1475-7516/2014/01/014
[26] A. R. Khalifeh, N. Bellomo, J. L. Bernal and R. Jimenez, “Can Dark Matter be
Geometry? A Case Study with Mimetic Dark Matter,” arXiv:1907.03660 [astro-
ph.CO].
[27] S. Vagnozzi, “Recovering a MOND-like acceleration law in mimetic gravity,” Class.
Quant. Grav. 34, no. 18, 185006 (2017) doi:10.1088/1361-6382/aa838b
[28] A. H. Chamseddine and V. Mukhanov, “Nonsingular Black Hole,” Eur. Phys. J.
C 77, no. 3, 183 (2017) doi:10.1140/epjc/s10052-017-4759-z
[29] A. H. Chamseddine, V. Mukhanov and T. B. Russ, “Black Hole Remnants,” JHEP
1910, 104 (2019) doi:10.1007/JHEP10(2019)104
[30] A. Ganz, P. Karmakar, S. Matarrese and D. Sorokin, “Hamiltonian analysis
of mimetic scalar gravity revisited,” Phys. Rev. D 99, no. 6, 064009 (2019)
doi:10.1103/PhysRevD.99.064009
[31] R. L. Arnowitt, S. Deser and C. W. Misner, “The Dynamics of general relativity,”
Gen. Rel. Grav. 40, 1997 (2008) doi:10.1007/s10714-008-0661-1
[32] E. Gourgoulhon, “3+1 formalism and bases of numerical relativity,” gr-qc/0703035
[GR-QC].
[33] O. Malaeb, “Hamiltonian Formulation of Mimetic Gravity,” Phys. Rev. D 91, no.
10, 103526 (2015) doi:10.1103/PhysRevD.91.103526
[34] A. Golovnev, “On the recently proposed Mimetic Dark Matter,” Phys. Lett. B
728, 39 (2014) doi:10.1016/j.physletb.2013.11.026
[35] M. Chaichian, J. Kluso, M. Oksanen and A. Tureanu, “Can TeVeS be a viable the-
ory of gravity?,” Phys. Lett. B 735, 322 (2014) doi:10.1016/j.physletb.2014.06.036
[36] H. Firouzjahi, M. A. Gorji, S. A. Hosseini Mansoori, A. Karami and T. Rostami,
“Two-field disformal transformation and mimetic cosmology,” JCAP 1811, 046
(2018) doi:10.1088/1475-7516/2018/11/046
17
[37] J. D. Bekenstein, “The Relation between physical and gravitational geometry,”
Phys. Rev. D 48, 3641 (1993) doi:10.1103/PhysRevD.48.3641
[38] Y. Wang and K. Freese, “Probing dark energy using its density instead of its equa-
tion of state,” Phys. Lett. B 632, 449 (2006) doi:10.1016/j.physletb.2005.10.083
[39] R. Brandenberger, R. R. Cuzinatto, J. Frhlich and R. Namba, “New Scalar Field
Quartessence,” JCAP 1902, 043 (2019) doi:10.1088/1475-7516/2019/02/043
[40] R. Brandenberger, J. Frhlich and R. Namba, “Unified Dark Matter, Dark Energy
and baryogenesis via a cosmological wetting transition,” JCAP 1909, no. 09, 069
(2019) doi:10.1088/1475-7516/2019/09/069
[41] A. H. Chamseddine, V. Mukhanov and T. B. Russ, “Mimetic Horava grav-
ity,” Phys. Lett. B 798, 134939 (2019) doi:10.1016/j.physletb.2019.134939
[arXiv:1908.01717 [hep-th]].
[42] M. Pretko, “Emergent gravity of fractons: Machs principle revisited,” Phys. Rev.
D 96, no. 2, 024051 (2017) doi:10.1103/PhysRevD.96.024051
[43] Y. You, Z. Bi and M. Pretko, “Emergent fractons and algebraic quantum liquid
from plaquette melting transitions,” arXiv:1908.08540 [cond-mat.str-el].
[44] J. Wang and K. Xu, “Higher-Rank Tensor Field Theory of Non-Abelian Fracton
and Embeddon,” arXiv:1909.13879 [hep-th].
18
